Abstract-Two back-electromotive-force-based position observers are compared for motion-sensorless synchronous motor drives: the reduced-order observer and the adaptive full-order observer. A stabilizing gain is proposed for the adaptive full-order observer, which guarantees the local stability of the closed-loop system, if the motor parameters are known. Equations for the steady-state position error and for the linearized estimationerror dynamics under erroneous parameters are derived, and the robustness of the two observers against parameter errors is analyzed and compared. The observers are experimentally evaluated using a 6.7-kW synchronous reluctance motor drive in low-speed operation and under parameter errors. The gain selection of the reduced-order observer is easier, but the adaptive full-order observer can be made more robust against parameter variations and noise.
I. INTRODUCTION

B
ECAUSE of lower losses, the permanent-magnet (PM) synchronous motor (PMSM) has, during the last decades, emerged as an attractive alternative to the induction motor in variable-speed drives. Recent design improvements have also allowed the synchronous reluctance motor (SyRM) to become a contender [1] - [3] . A magnetizing current component is necessary in the stator winding of the SyRM, but field weakening is straightforward as compared to the PMSM. The recent price increase of rare-earth metals has also made the SyRM more favorable in relation to the PMSM.
For both motor types and for well-known reasons, positionsensorless operation is desirable. As the SyRM is inherently salient, signal-injection methods [2] , [4] - [6] are readily appli-cable for rotor-position estimation. A position estimate of nearzero error at all speeds, including standstill, can be obtained. (There will, however, be an uncertainty of 180
• , as there is no rotor excitation or PMs.)
Although some authors favor the usage of signal-injection methods at all speeds [7] , it is often desirable to avoid additional noise and losses by using a back-electromotive-force (EMF)-based position estimation method, combined with a signalinjection method, applied only at the lowest speeds [8] - [10] . Since the SyRM can be seen as a special case of the salient PMSM, back-EMF-based methods suitable for salient PMSMs, for example, the observers proposed in [8] , [11] , and [12] , can be used for SyRMs with slight modifications.
In this paper, two back-EMF-based observers will be compared: a reduced-order observer [8] , [12] and an adaptive fullorder observer [11] . 1 A minimum requirement for any observer is that the estimation-error dynamics of the closed-loop system are locally stable at every operating point (except at zero speed) in ideal conditions. In order to satisfy this requirement and to simplify the tuning procedure, a general stabilizing gain was derived for the reduced-order observer in [12] . A general stabilizing gain was proposed for a full-order observer variant in [13] , but the dynamics of the d-axis current were omitted in the case of the salient PMSM.
The observer design affects also the sensitivity to motor model parameter errors and noise. The actual parameters are rarely known accurately, and in practice, they are not constant. The inductances vary due to magnetic saturation, and the stator resistance and the PM flux depend on the temperature. The noise in the sensorless drive system typically originates from the measurements and, on the other hand, from nonidealities of the motor. For example, unmodeled spatial harmonics (in the stator inductance and the PM flux) and saturation-induced harmonics may cause disturbances in the rotor-position estimate [14] , [15] . The estimation errors caused by the parameter errors and noise can be reduced by means of the observer design.
After a review of the motor model in Section II, the following main contributions of this paper are presented. 1) A stabilizing gain for the full-order observer, applicable also to the salient PMSM, is proposed in Section III.
2) Equations for the steady-state position error and for the linearized estimation-error dynamics under erroneous parameters are derived in Section IV, and the robustness of the reduced-order observer and the full-order observer against parameter errors is analyzed and compared.
The experimental setup is described in Section V, and the sensitivities of the two observers to the parameter errors and noise are experimentally compared using a 6.7-kW SyRM drive in Section VI.
II. MOTOR MODEL
Real space vectors will be used. For example, the statorcurrent vector is
T , where i d and i q are the components of the vector and the matrix transpose is marked with the superscript T. The orthogonal rotation matrix is defined as
The electrical angular position of the direct axis is denoted by ϑ m . The direct axis is defined as the direction of the PM flux for PMSMs and as the direction of the maximum inductance for SyRMs. The position depends on the electrical angular rotor speed ω m according to
To simplify the analysis in the following sections, the machine model will be expressed in the estimated rotor coordinates, whose d-axis is aligned atθ m with respect to the stator coordinates. The stator inductance matrix and the PM-flux vector are 
of the stator-flux vector and the position errorθ m . There are two special cases of the synchronous motor model: nonsalient PMSMs (L d = L q ) and SyRMs (ψ pm = 0).
III. ROTOR-POSITION OBSERVERS
A. Reduced-Order Observer
The reduced-order observer proposed in [12] is considered. It is based on estimating the rotor position and the d component ψ d of the stator flux in the estimated rotor coordinates. The componentwise presentation of the observer is With accurate model parameters, the closed-loop system consisting of (1) and (2) is locally stable in every operating point if the gains are given by [12] 
where the design parameters b > 0 and c > 0 may depend on the operating point and
The parameters b and c are actually the coefficients of the characteristic polynomial s 2 + bs + c of the linearized system consisting of (1) and (2) . As a special case, the relation between the two design parameters for SyRMs can be chosen as
which guarantees maximum robustness against parameter errors in low-speed operation [15] . The observer can be easily augmented with a stator-resistance-adaptation law; cf. [12] .
B. Adaptive Full-Order Observer 1) Observer Structure:
In the adaptive full-order observer [11] , [16] , both stator-flux vector components are estimated. The matrix presentation of the observer in the estimated rotor coordinates is
whereî s is the estimated stator-current vector,ĩ s =î s − i s is the estimation error of the stator current, and K is a 2 × 2 observer gain matrix. The model inductance matrix and the model PM-flux vector arê
respectively. The rotor speed is estimated with the proportionalintegral (PI) mechanism
where the gain vectors k p and k i are chosen to utilize the estimation error only in the q-axis direction
It can be seen that the observer is of the fourth order. The characteristics of the closed-loop system depend on the choice of the gains K, k p , and k i .
2) Proposed Stabilizing Gain:
The proposed stabilizing gain matrix is
where k 1 and k 2 are given by (3) . With this gain selection and accurate model parameters, the characteristic polynomial of the closed-loop system consisting of (1) and (6)- (8) can, after linearization, be split into a product of two second-order polynomials
is the denominator of (4). For convenience, the gains k p and k i are selected according to
which simplifies the characteristic polynomial to
Coefficients b, c, d, and e are design parameters, which may depend on the operating point. The local stability of the closedloop estimation-error dynamics is guaranteed if all four design parameters are positive. The proposed observer design is a subset of all stable designs, since the gain matrix (8) has only two free parameters instead of four. With the proposed design, however, the tuning procedure based on (12) is considerably simpler than that of a more general fourth-order polynomial. As compared to that in [13] , the analysis here is also valid when di d /dt = 0. The only assumptions are that the parameters are constant and that the model parameters are accurate.
In order to reduce the number of design parameters, d and e can be chosen as [17] 
yielding double pole located at s = −ρ. The remaining three design parameters are b, c, and ρ, which should be positive.
IV. STABILITY WITH UNCERTAIN PARAMETERS
The stability of the estimation-error dynamics with accurate model parameters is necessary but not a sufficient design goal, since the system should be robust against parameter errors. With erroneous model parameters, the stability is not guaranteed for all positive values of the design parameters. In the following, how the design parameters should be chosen in order to reduce sensitivity to parameter errors is studied. For both observers, the local stability of the estimation-error dynamics is analyzed in the vicinity of a steady-state position errorθ m0 , which is nonzero due to parameter errors. Equations are given in the general form, while the data of a 6.7-kW SyRM are used in the examples.
A. Steady-State Estimation Error
The speed-adaptation law (7) drivesĩ q to zero in steady state, while the adaptation gains do not affect the steady-state position error. It can be shown that the equation for the steady-state position errorθ m0 for both the reduced-order observer and the adaptive full-order observer is
where
The estimation error of the PM flux is defined asψ pm =ψ pm − ψ pm , and other estimation errors are defined similarly. It can be seen from the coefficients that the error in the q-axis inductance does not affect the steady-state position error in noload condition. The ratioR s /ω m is the most crucial factor in low-speed operation. In order to reduce the sensitivity of the position error to parameter errorsψ pm andL d , the absolute value of the gain k 1 should be small. Similarly, to reduce the sensitivity to the parameter errorL q , the absolute value of k 2 − ω m should be small.
In order to achieve good transient response, at least one of the poles of the closed-loop system must be fast. For the reducedorder observer, this is obtained by choosing a large value for the coefficient b, which results in large values for k 1 and k 2 . For the adaptive full-order observer, the fast dynamics can be provided by the speed-adaptation loop, while the coefficients b and c can be kept small. This results in decreased parameter error sensitivity, as can be seen from (14) .
In the general case, the steady-state position error should be solved numerically, but the solution can be easily written for nonsalient PMSMs or SyRMs. For SyRMs, the solution for the steady-state position error is
The general solutions for the steady-state flux errorsψ d0 and ψ q0 for both the reduced-order observer and the adaptive fullorder observer arẽ
B. Reduced-Order Observer
The effects of the design parameters on the robustness of the reduced-order observer have been analyzed in [12] and [15] .
For comparison purposes, the analysis method and some results are briefly reviewed here.
The estimation-error dynamics of the reduced-order observer are linearized in the vicinity of the steady-state errorθ m0 , yielding d dt
The stability of the reduced-order observer is studied in noload condition and with the rated load, with actual parameters At each studied operating point, the local stability of the system was analyzed for all eight worst case combinations of erroneous model parameters. First, the estimation error of the rotor position (14) was analytically solved in steady state. Then, the stability of the linearized system (18) was checked.
The stability of the estimation-error dynamics with erroneous model parameters was analyzed for different values of the design parameters b and c. The stability maps for the reducedorder observer are shown in Fig. 1 . Fig. 1(a) shows an example of the stability map in the design-parameter space for the parameter uncertainties of 10%, 20%, and 30%. The vertical axis is scaled with the inverse rotor speed in order to help the comparison at different speeds. The operating point is defined by ω m = 0.1 p.u., i d = 0.5 p.u., and i q = 0. In Fig. 1(b) , the stability map for the parameter uncertainty of 20% is shown for three different values of i q . The values for i q are −0.8, 0, and 0.8 p.u. It can be seen that the shape of the stable area remains approximately unchanged when the load is varied. 
C. Adaptive Full-Order Observer
The estimation-error dynamics of the adaptive full-order observer are linearized in the vicinity of the steady-state error ϑ m0 , yielding (19), shown at the bottom of the page. With accurate model parameters,ββ den − β num = 0, and the characteristic polynomial of (19) can be written as (12) .
The stability of the full-order observer is studied in no-load condition and with the rated load. At each studied operating point, the local stability of the system was analyzed for all eight worst case combinations of erroneous model parameters. First, the estimation errors of the rotor position (14) and the flux components (16) were analytically solved in the steady state. Then, the stability of the linearized system (19) was checked.
The stability of the estimation-error dynamics with erroneous model parameters was analyzed for different values of the design parameters b, c, and ρ. Fig. 2(a) shows an example of the stability map in the design-parameter space for the parameter uncertainties of 10%, 20%, and 30% in a fashion similar to that in Fig. 1(a) . The operating point in Fig. 2(a) is defined by ω m = 0.1 p.u., i d = 0.5 p.u., i q = 0, and ρ = 2 p.u. It can be seen that the region of b and c yielding the stable operation is large even in the case of the parameter uncertainty of 20%. As the parameter uncertainty increases, the stable region shrinks (and disappears if the uncertainty is high enough).
In Fig. 2(b)-(d) , the stability maps for the parameter uncertainty of 20% are shown for three different values of ω m , ρ, and i q , respectively. The values for ω m in Fig. 2(b) are 0.1, 0.3, and 0.50 p.u. The values for ρ in Fig. 2(c) are 1, 2, and 3 p.u. The values for i q in Fig. 2(d) are −0.8, 0, and 0.8 p.u. It can be seen that the area of stable operation is virtually insensitive to changes in the parameter ρ. The size of the stable region depends on the speed and the current components, but its shape remains approximately unchanged.
V. EXPERIMENTAL SETUP AND PARAMETERS
The motion-sensor-less control system was implemented on a dSPACE DS1104 PPC/DSP board. A 6.7-kW four-pole SyRM was fed by a frequency converter that is controlled by the DS1104 board. The rated values of the SyRM are as follows: speed of 3175 r/min, frequency of 105. The stator currents and the dc-link voltage were measured, and the reference voltage obtained from the current controller was used for the observer. The sampling was synchronized to the modulation, and both the switching frequency and the sampling frequency were 8 kHz. A simple current feedforward compensation for dead times and power device voltage drops was applied.
The control system was augmented with a speed controller, whose feedback signal was the speed estimateω m obtained from the proposed observer. The bandwidth of this PI control loop, including active damping, was 2π · 5.3 rad/s (0.05 p.u.). The estimate of the per-unit electromagnetic torque was evaluated asT
The gain values were chosen based on empirical results. The gain b = 2 p.u. was used for the reduced-order observer in (5) . For the adaptive full-order observer, the gains were c = 2b|ω m |, ρ = 2 p.u., and
The effects of the magnetic saturation on the inductances have been modeled as functions of the measured current [15] 
where i Δ is a transition value to avoid divisions by small numbers. The saturation model parameters are given in Table I .
The model stator resistance isR s = 0.042 p.u. Fig. 3 shows the effect of the parameter errors on the position estimation error at a speed of 0.1 p.u. with 50% rated load torque applied. The reduced-order observer is used in Fig. 3(a) , and the adaptive full-order observer is used in Fig. 3(b) . The measured data are captured by varying each model parameter from 90% up to 110% of the actual value in 10 s. The predicted error is obtained utilizing (14) , (20), and (22). The predicted errors are in good agreement with the measured error.
VI. EXPERIMENTAL RESULTS
It can be seen that the model parametersR s andL q have only a moderate effect on the position error, whereas the incorrect value ofL d evidently increases the estimation error in Fig. 3(a) , when the reduced-order observer is used. According to Fig. 3(b) , the adaptive full-order observer is less sensitive to parameter errors. This is due to the smaller values of the design parameters b and c used for the adaptive full-order observer, which reduce the sensitivity to parameter errors as stated in Section IV. It should be noted that the relative errors ofL d andL q are defined with respect to the (original) operating point values. As the estimation error increases, the actual values of i d and i q change, resulting in changes in the actual values of L d and L q due to the magnetic saturation.
The experimental results of a stepwise speed reversal from 0.1 to −0.1 p.u. and back to 0.1 p.u. with the rated load torque applied are shown in Fig. 4 . The reduced-order observer is used in Fig. 4(a) , and the adaptive full-order observer is used in Fig. 4(b) . It can be seen that the reduced-order observer amplifies the estimation noise in the regenerating mode in Fig. 4(a) . This behavior is analyzed in [15] . With the adaptive full-order observer, the amplitude of the estimation noise does not depend on the operating mode, as shown in Fig. 4(b) .
When the reduced-order observer is used, saturation-induced harmonics cause noise in the position estimate in the regenerating mode if the machine is highly saturated [15] . The results of a slow change of i d from 0.3 to 0.5 p.u. at a speed of 0.1 p.u. with −50% rated load torque applied are shown in Fig. 5 . The reduced-order observer is used in Fig. 5(a) , and the adaptive full-order observer is used in Fig. 5(b) . It can be seen that, as i d increases in the regenerating mode, the noise in the position estimate of the reduced-order observer increases, but the adaptive full-order observer is not sensitive to the harmonics.
The experimental results of load-torque steps when the speed reference was kept at 0.05 p.u. are shown in Fig. 6 . The load torque was stepped to −75% of the rated load torque at t = 2.5 s, reversed at t = 7.5 s, and removed at t = 12.5 s. The reduced-order observer is used in Fig. 6(a) , and the adaptive full-order observer is used in Fig. 6(b) . It can be seen that the observers behave well in load transients in low-speed operation.
VII. CONCLUSION
In this paper, a reduced-order observer and an adaptive full-order observer have been compared for motion-sensor-less synchronous motor drives. Furthermore, a stabilizing gain has been proposed for the full-order observer; the proposed gain guarantees the local stability of the closed-loop system, if the motor parameters are known. Equations for the steady-state position error and for the linearized estimation-error dynamics under erroneous model parameters have been derived, and the robustness of the two observers against parameter errors has been analyzed and compared. The reduced-order observer is simpler and easier to tune than the full-order observer, and it could easily be augmented with stator-resistance adaptation. On the other hand, analytical and experimental results indicate that the full-order observer can be made less sensitive to model parameter uncertainties and noise-without sacrificing its dynamic performance-than the reduced-order observer.
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